Groups with a Bounded Number of Conjugacy Classes of Non-normal Subgroups  by La Haye, Roberta & Rhemtulla, Akbar
Journal of Algebra 214, 41–63 (1999)
Article ID jabr.1998.7690, available online at http://www.idealibrary.com on
Groups with a Bounded Number of Conjugacy Classes
of Non-normal Subgroups
Roberta La Haye and Akbar Rhemtulla*
Department of Mathematical Sciences, University of Alberta,
Edmonton, Alberta, Canada T6G 2E1
Communicated by George Glauberman
Received September 29, 1997
Let νG denote the number of conjugacy classes of non-normal subgroups of a
group G: We prove that if G is a finite group and νG 6= 0; then there is a cyclic
subgroup C of prime power order contained in the centre of G such that the order
of G/C is a product of at most νG + 1 primes. We also obtain a bound in the op-
posite direction, thus obtaining a criterion for a group to have a bounded number of
conjugacy classes of non-normal subgroups. These results extend to infinite groups,
with the subgroup C being the infinite Pru¨fer p-group, but only when G has finitely
many non-normal subgroups. This is to be expected because of the existence of
monsters of the type constructed by S. V. Ivanov and A. Yu. Ol’shanskii. The struc-
ture of groups with infinitely many non-normal subgroups falling into finitely many
conjugacy classes is also studied. © 1999 Academic Press
1. INTRODUCTION
For a finite group G; a restriction on the number of conjugacy classes of
non-normal subgroups imposes a severe restriction on the size of G/ZG
and the structure of G: Let νG denote the number of conjugacy classes
of non-normal subgroups of G: In the case when νG equals zero, the
group is abelian or Hamiltonian and its structure is well known. Finite
groups G with νG = 1 were studied in [Br] and it was shown in [PR]
that the nilpotency class of a nilpotent group G is bounded above by at
most νG + 1: We shall assume that νG = ν > 0 and study the structure
of such a group. Before stating the main results we require the following
terminology.
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Definition. If G is a group of order pr11 p
r2
2 : : : p
rk
k where the pi’s are
primes, then we shall denote by `G the number Pki=1 ri and call it the
prime length of G:
Theorem 1. Let G be a finite group with νG 6= 0: Then for some prime
p; there is a p-element z in the centre ZG of G such that `G/z ≤
νG + 1:
Theorem 2. Let G be a finite group with νG = ν > 0: If G is nilpotent
and `G > 2ν+ 1 then for some prime p;G = A×B where A is a Dedekind
p′-subgroup, B is a p-subgroup, and there is an element z ∈ ZB such that
B′ is a subgroup of z; and `G/z ≤ νG + 1: If G is not nilpotent but
`G > 3ν + 1 then for some prime p;G = AiB where A is a Dedekind
p′-subgroup and B is a p-subgroup. There exists an element z ∈ B ∩ ZG
such that `G/z ≤ νG + 1 and B′ ≤ z: B = Ut; where U = CBA
and B′ ≤ t: If H is a subgroup of G and H6 AH; then B′ ≤ H:
Theorem 1 is an improvement on the earlier result of La Haye in [L].
In that paper, G x ZG was bounded in terms of νG and the primes
involved in G: Here we have avoided the primes instead focusing on `G:
However, one need only consider the finite groups with νG = 1 classified
by Brandl to see that any discussion of the order of a finite group or its
quotients in terms of νG must also involve the prime divisors of G:
Indeed, in [Br] Brandl has shown that for each prime p there is a unique
group of order pn (n > 4 if p = 2 and n > 3 otherwise) with νG = 1: He
also produced non-nilpotent groups G involving 2 distinct primes so that
`G can be made arbitrarily large and νG = 1: These groups also serve
to illustrate Theorem 2, since they are groups of arbitrarily large prime
lengths with few conjugacy classes of non-normal subgroups.
Infinite groups with finitely many non-normal subgroups were studied by
Hekster and Lenstra in [HL], where they gave the general structure of such
groups. Although their results concerned infinite groups, it was motivation
for Theorem 2 of this paper. For infinite groups with finitely many non-
normal subgroups we show the following.
Theorem 3. Let G be a infinite group with only a finite number of non-
normal subgroups and let νG > 0: Then for some prime p; there is a Pru¨fer
p-group C in the centre ZG of G such that
`G/C ≤ νG + 1:
For infinite groups G with νG < ∞ but having infinitely many non-
normal subgroups we have shown the following result generalizing the spe-
cial case νG = 1 which was done by Brandl et al. [BDF].
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Theorem 4. Let G be a group with νG < ∞ and such that G has an
infinite number of non-normal subgroups. Then
(i) G is a torsion group and for all x ∈ G; `xFCG/FCG ≤
νG:
(ii) The FC-centre of G; FCG is finite and equal to the FC-
hypercentre of G:
(iii) Any strictly increasing chain of subgroups of G, no term of which
is a finite normal subgroup of G; is of length at most νG + 1: Thus ev-
ery subgroup of G/FCG is generated by at most νG + 1 elements. Also
the number of normal subgroups of G is finite and the number of normal
subgroups of G/FCG is bounded above by a function of νG:
(iv) The finite residual R of G has the following properties:
(a) R = R′;
(b) `G/R ≤ νG + 1;
(c) all subnormal subgroups of R are normal in R;
(d) ZR = FCR = R ∩ FCG and the number of normal sub-
groups of R/ZR is bounded by a function of νG;
(e) FCR/ZR = 1 and either `ZR is bounded above by a




is a cyclic p-group, `ZR/J is bounded by a function of νG, and R/ZR
is also a p-group.
2. RESULTS FOR FINITE NILPOTENT GROUPS
Lemma 1. Let G be a finite p-group with νG 6= 0: Then there is an ele-
ment z 6= 1 in the centre ZG of G such that `G/z is at most νG+ 1:
Proof. The proof is by induction on the prime length `G: Let G be a
counter example of least prime length. We shall split the proof into several
cases.
Case 1. νG/N = νG for some minimal normal subgroup N of G:
Then for any x in G; x6 G implies N ≤ x: In particular, the intersec-
tion of all non-normal subgroups of G contains N and Blackburn’s result
[B, Theorem 1] applies, forcing us to conclude that G is a 2-group satisfying
one of the following conditions.
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(1) G = Q ×A × B where Q ∼= Q8; A is cyclic of order 4; and B
is elementary abelian of order 2r; for some r ≥ 0: Then `G/A = r + 3;
and νG ≥ ρ+ 1 × νQ×A where ρ equals the number of non-trivial
subgroups of B (see Proposition 2.6 of [PR]). It is easily checked that νQ×
A = 3 and ρ ≥ r so that, r+ 3 ≤ ρ+ 3 ≤ 3ρ+ 1 and `G/A ≤ νG+ 1:
(2) G = Q1 × Q2 × B where Q1 ∼= Q2 ∼= Q8 and B is elementary
abelian of order say 2r; for some r ≥ 0: Let z be in the centre of Q1:
Then `G/z = r + 5y νQ1 ×Q2 > 9 and so νG ≥ 9ρ+ 1 where ρ is
the number of non-trivial subgroups of B: Then r ≤ ρ so that `G/z =
r + 5 ≤ 9ρ+ 1 + 1 ≤ νG + 1:
(3) G = x;A is a 2-group, A is abelian of exponent greater than
two, 1 6= N = x2 ≤ A; ax = a−1 for all a ∈ A, and νG 6= 0: Then every
non-normal subgroup of G contains N and νG = νG/N: Notice that
G′ = A2 6= 1: Also note that x4 = 1: Let G = 2n and G′ = 2s: There are
two possibilities to consider.
(3a) Suppose x2 ∈ A2: Note that A2 6= x2 since νG 6= 0: Thus
A2 = 2s > 2: We can construct a strictly increasing series of subgroups
x2 = B1 < · · · < Bs = A2
and obtain from this series, a second strictly increasing series
x;B1 < · · · < x;Bs = x;A2:
Note that x;Bi6 G if i < s and x;Bi is not conjugate to x;Bj
if i 6= j: Thus there are at least s − 1 conjugacy classes of non-normal
subgroups contained in x;A2:
Now A/A2 = 2n−1−s: Let
A/A2 = a1A2/A2 × a2A2/A2 × · · · × an−s−1A2/A2:
Then for each i = 1; 2; : : : ; n − s − 1; xai6 G: Moreover, xai is not
conjugate to xaj if i 6= j; nor is it conjugate to any x;Bi (since x2 ∈
A2: So there are at least n − s − 1 additional conjugacy classes of non-
normal subgroups. Thus νG ≥ n − s − 1 + s − 1 = n − 2; and so
`G/z ≤ νG + 1; as required.
(3b) Suppose x2 /∈ A2: In this case there are s conjugacy classes of
non-normal subgroups in x;A2 represented by x; x;B1; : : : ; x;Bs−1
corresponding to the subgroups
1 = B0 < B1 < · · · < Bs−1 < A2:
Also there are n − s − 2 additional conjugacy classes of non-normal
subgroups represented by xai; i = 2; : : : ; n− s − 1 where A/A2 is as de-
scribed in case (3a) with a1 = x2: Again νG ≥ n − s − 2 + s = n − 2;
and G is not a counter example.
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Case 2. νG/N 6= 0 for some minimal normal subgroup N of G:
Having dealt with the situation νG/N = νG in Case 1, we may as-
sume that νG/N < νG and there exists a zN ∈ ZG/N such that
`G/z;N ≤ νG/N + 1: Note that zp ∈ ZG: We now consider the
various possibilities.
Case 2(a). If zp = 1 then `G ≤ νG/N + 3 since N is of order p:
Also `G/N ≤ νG/N + 2 ≤ νG + 1; and the result holds for G:
Case 2(b). If z ∈ ZG then G is not a counter example since
`G/z ≤ `G/z;N + 1 ≤ νG/N + 2 ≤ νG + 1:
Case 2(c). If N ≤ z; then
`G/zp ≤ `G/z;N + 1 ≤ νG/N + 2 ≤ νG + 1
and the result holds in this case.
Case 2(d). If νG > νG/N + 1 then
`G/zp ≤ `G/z;N + 2 ≤ νG/N + 3 ≤ νG + 1;
and so this case is done.
In view of the above cases we may assume that z = pn+1; expZG =
pn; n > 0; νG = νG/N + 1; and since z;G ≤ N 6≤ z; z is not
normal in G: Let M = zpn: Now, νG/M 6= 0 as z is not normal
in G: Replace N by M: If νG/M = νG then we are done by Case
1 and if νG/M 6= νG then by the argument above there is a zM ∈
ZG/M such that z6 G and νG = νG/M + 1: Thus N ≤ z just
as M ≤ z: Consider the minimal normal subgroup L = mn; where
m =M and n = N: If νG/L 6= 0 then another repetition of the above
argument will yield a contradiction. Otherwise, νG/L = 0; G/L ∼= Q8×E
(E elementary abelian), G′ =MN , and expZG = 2 as zL = z: Now,
zz2 = mn and so zz;G = L else zz6 G and contains L: Hence
if x ∈ G such that x; z = n then x; z = m: It follows that x6 G:
However, LxC G; so that either M ≤ x or N ≤ x: Assume that
M ≤ x: Then since νG/N + 1 = νG we conclude that x is conjugate
to z; a contradiction.
Case 3. νG > νG/N = 0 for all minimal normal subgroups N of G:
We split the proof into two cases depending on whether p > 2 or p = 2:
Case 3(a). p > 2: Then G′ = N is the unique minimal normal subgroup
of G; from which it follows that ZG is cyclic and gp ∈ ZG for all g ∈ G:
Let ZG = z and let G/ZG = ps+1: Let xi; i = 1; : : : ; s + 1 be
a set of generators of G mod ZG such that maximum number of xi
satisfy xi6 G: If this number is zero then every subgroup of G is normal
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and G is abelian, a contradiction. So assume xi6 G; i = 1; : : : ; t: Then
xt+1; : : : ; xs+1; z is abelian and every subgroup of this group is normal in
G: Thus this group is cyclic and hence t = s: Now `G/ZG = s + 1 and
νG ≥ s since xi6 G; i = 1; : : : ; s and these non-normal subgroups lie
in distinct conjugacy classes. Thus the result holds in this case.
Case 3(b). p = 2: Here G/N is either abelian or isomorphic to Q8 × E
where E is an elementary abelian 2-group. In either case N is the unique
minimal normal subgroup of G: This may be argued as follows.
If M is another such subgroup then νG/M = 0: Take x ∈ G where
x6 G: There exists t ∈ G such that xt = xin = xjm for some 1 6= n ∈ N
and some 1 6= m ∈ M: If i = j then n = m and N = M: If i 6= j then
1 6= mn ≤ x and νG/mn 6= 0:
From the uniqueness of the minimal normal subgroup N; it follows that
ZG is cyclic, say ZG = z: Observe that for all x ∈ G; xC G if
and only if N ≤ x: Thus x6 G implies x ∼= C2: Indeed, if x6 G
then x ∩ N = 1: If N = G′ then x2 ∈ ZG and so x = 2: Otherwise
G/N ∼= Q8 × E and if x > 2 there exists a y ∈ G such that x; y = x2
or x2n: But then x26 G yet x2; y = 1 and x2; E = 1 and this is a
contradiction.
Thus if G/N ∼= Q8 × E and H = x; y ≤ G such that x; yN/N ∼= Q8;
then x = y = 8; N ≤ x ∩ y; x2 ≡ y2 modN and H = 16: Under
these circumstances N is the unique subgroup of order 2 in H; also H
is non-abelian and Dedekind. No such group of order 16 exists. Thus we
may assume that G/N is abelian so that G/ZG is an elementary abelian
2-group.
Let G/ZG = 2s+1: Let xi; i = 1; : : : ; s+ 1 be a set of generators of
GmodZG such that maximum number of xi satisfy xi6 G: Say xi; i =
1; : : : ; t is such a set. Then every subgroup of xt+1; : : : ; xs+1; z is normal
in G: If this group is abelian then it is cyclic. Hence t = s; `G/z = s+ 1
and νG ≥ s since xi6 G; i = 1; : : : ; s and they lie in distinct conjugacy
classes. In this case the result holds.
If this group is not abelian then it is isomorphic to Q8; ZG = N;
t = s − 1 and `G = s + 2: Now t > 0 since G is not isomorphic to
Q8: Let U = xi; i = 1; : : : ; t and V = xt+1; xt+2: For any i ≤ t and
any v ∈ V \ N; xiv2 6= 1 by the maximality of t and so xi; v = 1 and
hence U centralizes V: Thus U is non-abelian. Say x1; x2 = n 6= 1: Then
x1x2xt+12 = 1 and this contradicts the minimality of t: Thus this case
cannot arise and the result is established.
Lemma 2. Let G be a finite nilpotent group with νG 6= 0: Then for
some prime p; there is a p-element z 6= 1; in the centre ZG of G such that
`G/z ≤ νG + 1:
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Proof. Since νG 6= 0 there is a prime p; such that the Sylow p-
subgroup Sp has a non-normal subgroup D: Write G as the direct prod-
uct Sp × K: For each subgroup E of K; D;E6 G and so for each D
representing a conjugacy class of non-normal subgroups of Sp; we pro-
duce `K + 1 distinct conjugacy classes of non-normal subgroups of G:
Let n = νSp and let m = `K: Then νG ≥ nm + 1: By Lemma 1,
there exists an element z ∈ ZSp such that `G/z ≤ n + 1 + m: But
n+m ≤ nm+ 1 since n > 0: Thus `G/z ≤ νG + 1: This completes
the proof.
Next we show that the number of conjugacy classes of non-normal sub-
groups of a finite p-group must be 0; 1; or at least p: Consequently, if G is
a finite p-group, there is a z ∈ ZG; so that
G x z ≤ νGνG+1;
save when G is abelian or νG = 1 (in which case the structure of G is
well known see [Br]).
Lemma 3. Let G be a finite p-group with νG > 0: Then either νG = 1
or νG ≥ p:
Proof. Assume that G is a counter example of minimal order pn: For
each minimal normal subgroup N of G; either νG/N = 0 or νG/N = 1:
Let N ≤ ZG and N = p: Note that we may assume that p > 2:
First suppose that νG/N = 0: Then G′ = N ≤ ZG and for each
g ∈ G;gp ∈ ZG: We first show that ZG must be cyclic. Indeed, suppose
that m = M ≤ ZG; M = p; and M ∩ N = 1: Then νG/M = 1;
G/M = pn−1, and the structure of G/M is well known; these are precisely
the p-groups a; by apn−2 = bp = 1; ab = apn−3+1 where n ≥ 5 in the case
p = 2 and n ≥ 4 otherwise (see [Br]). Hence G has a cyclic non-normal
subgroup of order at most p2:
If g6 G has order p then g; gm; gm2; : : : ; gmp−1 represent
p distinct conjugacy classes of non-normal subgroups of G contradicting
the assertion that G is a counter example. Thus G has no non-normal
subgroups of order p:
Since νG/M = 1 there is a subgroup x such that x6 G and M ≤
x; x = p2: Furthermore, if Li = mni; i ∈ 0; 1; : : : ; p − 1 (where
N = n), then by the above argument, νG/Li = 1 and there is an
xi6 G such that Li ≤ xi and xi = p2: Clearly xi cannot be con-
jugate to xj unless i = j: Thus νG ≥ p:
So assume that ZG is cyclic. Note that gp ∈ ZG for each g ∈ G
so that if g6 G then g = p: If x; t6 G and the two non-normal
subgroups are not conjugate, then x; xt; xt2; : : : ; xtp−1 represent p
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distinct conjugacy classes of non-normal subgroups contradicting our initial
assumption.
Suppose H ≤ G and H is not cyclic. Then since all subgroups of order p
have the form N or xnj; j ∈ 0; 1; : : : ; p − 1; any non-cyclic subgroup
of G must contain N and hence HC G: In this instance, νG = 1 and G
is not a counter example.
If νG/N = 1 then G = x; yN/N; xp ∈ N; ypn−2 ∈ N; and y; x =
yp
n−3
na; for some a ∈ 0; 1; : : : ; p − 1 Note that N 6≤ y else y has
index p in G and G ∼=Mpn (by [Su, Theorem 4.1, Chap. 4]). Thus y =
pn−2 and x; y = p and G/x; y is abelian. So by appealing to the first
case, G is not a counter example and we have the required result.
3. PROOF OF THEOREM 1—GENERAL CASE
Proof. The proof is by induction on the prime length `G:
Let G be a counter example of least prime length. Observe that if G is
a simple group of order pαqβ: : : : :rγ; then none of the subgroups of prime
power order are normal so that νG ≥ α + β + · · · + γ = `G and the
theorem holds in this case. Assume that G is not simple and split the proof
into several cases.
Case 1. νG/N = νG for some minimal normal subgroup N of G:
As was noted in Case 1 of the proof of Lemma 1, every non-normal
subgroup of G will contain N and so by Theorem 2 of [B], N is of prime
order p and G = Di S where S is a Sylow p-subgroup of G; D is a p′-
subgroup and every subgroup of D is normal in G: Moreover N ≤ ZG
since N;D ≤ N ∩ D = 1 and N;S = 1 since N > N;S and N is a
minimal normal subgroup of G: Note that S6 G since by Lemma 2, G is
not nilpotent.
We shall now show that ZG is a cyclic subgroup of S: If ZG 6≤ S then
it has a subgroup M of prime order q 6= p: Now νG/M 6= 0 since G is
not nilpotent. Also νG/M 6= νG; since S is a non-normal p-subgroup
intersecting M trivially. Thus there exists some element x ∈ G such that
`G/x;M ≤ νG/M + 1; x;G ≤M and x is of prime power order. If
x ∈ ZG then `G/x = νG/M + 2 ≤ νG + 1 and we are done. In
particular this would be the case if x is a q′-element. Thus x;M is a q-
subgroup and xq ∈ ZG: If M ≤ x; then again `G/xq ≤ νG/M +
2 ≤ νG + 1: But if x 6≥M then x6 G and hence contains N resulting
in a contradiction. Thus ZG ≤ S:
Suppose ZG is not cyclic. Then there is another subgroup N1 of order
p in ZG: Note that 0 < νG/N1 < νG and hence there exists a prime
power element y ∈ G such that y;G ≤ N1 and `G/y;N1 ≤ νG/N1 +
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1: If y ∈ ZG or y ≥ N1; then we are done, using the same argu-
ment as above with x replaced by y: Furthermore νG < νG/N1 + 2 else
`G/yp ≤ νG + 1 and yp ∈ ZG: Consequently νG/N1 + 1 = νG;
y6 G, and so y ≥ N: Now let N = n; N1 = m, and L = nm: Re-
peat the above argument with N1 replaced by L to obtain a t6 G such
that t;G = L and N ≤ t which is not conjugate to y; contradicting
the fact that νG/N1 + 1 = νG: Thus ZG is cyclic.
Note that N is the unique subgroup of order py for if U is another such
subgroup then U C G since every non-normal subgroup contains N: Then
U;D = 1 = U; S; and ZG is not cyclic. Thus by Theorem 4.4 of [Su],
S is either cyclic or generalized quaternion Q2n for some integer n ≥ 3:
By hypothesis, there exists a p-element x ∈ G such that x;G ≤ N and
`G/x;N ≤ νG/N + 1: If S is cyclic, then G′ ≤ D; and x;G ≤ D ∩
N = 1: Hence x ∈ ZG and `G/x = `G/x;N ≤ νG/N + 1 =
νG + 1 and we are done.
Thus assume S is generalized quaternion and p = 2: Then D is a
Dedekind group of odd order and therefore abelian. Let V be a subgroup
of prime order in D: Suppose νG/V  = 0: Then G/V ∼= Q8 ×A; S ∼= Q8,
and G′ = VN: If D is cyclic of prime power order, say D = qn then let
d ∈ D have order q2: Since G′ = VN; dq = V ≤ ZG; contradicting the
fact that ZG ≤ S: If D = q then `G/x = 2 ≤ νG/N + 1: But if
νG = 1; then G 6∼= Cq iQ8; see [Br].
So there exists a second subgroup V2 of prime order in D: Since VN 6=
V2N; νG/V2 6= 0; and we may assume the existence of some subgroup V
of prime order q in D so that νG/V  6= 0:
Now νG > νG/V  > 0 since S is a non-normal 2-subgroup of G which
does not contain V: So by hypothesis, there exists some element t ∈ G; of
prime power order, such that t;G ≤ V and `G/t; V  ≤ νG/V  + 1:
Note that tC G: Indeed, t6 G implies N ≤ t and hence t is a 2-
element and so may be taken to lie in S: Then t; S ≤ S ∩ V = 1: So
t ∈ ZS = N = ZG and tC G after all. Thus t;G ≤ V ∩ t so that
either V ≤ t or t ≤ ZG: If t ∈ ZG then
`G/t ≤ `G/t; V  + 1 ≤ νG/V  + 2 ≤ νG + 1
and the result holds. If t ≥ V; then t ∈ D and tq ∈ ZG which implies
that tq = 1 and t = V: In this case
`G/N = `G/V  = `G/t; V  ≤ νG/V  + 1 < νG + 1:
This completes the proof for Case 1.
Case 2. ZG 6= 1: In this case there exists a normal subgroup N of
prime order p in ZG: If νG/N = 0; then G is nilpotent and the result
follows from Lemma 2. So assume, by Case 1, that 0 < νG/N < νG:
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By hypothesis, there exists z ∈ G such that z;G ≤ N and `G/z;N ≤
νG/N+ 1: Note that zp ∈ ZG: If zp = 1 then `G/N ≤ νG/N+ 2 ≤
νG + 1 so the result holds. If z ∈ ZG then `G/z ≤ `G/z;N +
1 ≤ νG/N + 2 ≤ νG + 1: If N ≤ z then
`G/zp ≤ `G/z;N + 1 ≤ νG/N + 2 ≤ νG + 1
and we have the result. If νG > νG/N + 1 then `G/zp ≤ νG + 1
and G is not a counter example.
In view of above, we may assume that z is of order pn+1; n > 0; N 6≤ z;
z6 G, and νG = νG/N + 1: Now zpn = M ≤ ZG: Repeat the
argument using M in place of N to conclude that there exists y ∈ G such
that `G/y;M ≤ νG/M + 1 = νG; y;G = M; 1 6= yp ∈ ZG, and
M 6≤ y:
Observe y6 G since y;G ≤ M: Since y and z are non-normal
non-conjugate subgroups, N ≤ y: Repeat the above argument using 1 6=
L < MN;L 6=M;L 6= N; L = p to obtain the result.
Case 3. ZG = 1 and there exists a minimal normal subgroup N of G
such that νG/N = 0:
Note that N;G = N: Suppose that N is a finite p-group so that G
is solvable. Let Sp be a Sylow p-subgroup of G: Then Sp ≥ N so that
SpC G: By the minimality of N; Sp;N = 1 and so Sp ≤ CGN: Since G
is solvable, G = Sp iQ where Q is a p′-group.
If h; g ∈ Sp and 1 6= h; g; then for any x ∈ Q (any x ∈ G if p 6= 2),
hx ≡ hmodN; gx ≡ gmodN , and h; gx = hx; gx = h; g (using the
fact that νG/N = 0 and Sp ≤ CGN: Thus S′p ∩ ZSp ≤ ZG = 1 so
that Sp is abelian. It follows that Sp;G ≤ N:
Observe that N is the unique minimal normal subgroup of G: Indeed, if
M is another then M ∩N = 1; M;G = M , and G′ 6= N so that G/N ∼=
Q8 × E × A; for some elementary abelian 2-group E and an abelian 2′-
group A: Then G′ = 2N so M = 2 and M ≤ ZG = 1:
We shall next show that Sp is elementary abelian. Suppose false; then
S
p
p ≥ N; as Spp C G: Since G = Sp iQ where Q is a p′-subgroup, and
Sp;G ≤ Spp; it follows that Sp lies in the hypercentre of G and hence
N ≤ ZG; a contradiction. Thus Sp = N × L for some subgroup L which
we may assume is normal in G by Maschke’s theorem [R, Theorem 8.1.2].
Thus, Sp = N as N is the unique minimal normal subgroup of G and
`G ≤ νG + 1 as every non-trivial subgroup of Q is non-normal in
G and every proper non-trivial subgroup of N is non-normal in G as
well.
We are now left with the case where N = Qk1 Ni; where N1 ∼= Ni; for
every i and N1 is a non-abelian simple group. Note that in this case every
non-trivial p-subgroup for every prime p is non-normal in G: If M is a p-
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subgroup of G and M C G then M;G;G ≤ N ∩M = 1 and M ≤ ZG =
1: Thus `G ≤ νG and the result holds.
Case 4. Final Case: ZG = 1 and 0 < νG/N < νG for every min-
imal normal subgroup N of G:
Suppose that every minimal normal subgroup N is non-abelian. Then
every p-subgroup of G is non-normal, `G ≤ νG, and we are done.
So assume N = pr for some integer r ≥ 1: We first show that r may
be taken to be 1. Suppose that r > 1: The subgroups of N of order
p;p2; : : : ; pr−1; are all non-normal and generate at least r − 1 conjugacy
classes. Since 0 < νG/N < νG; there exists some element z of prime
power order such that z;G = N and `G/z;N ≤ νG/N + 1: Every
non-trivial subgroup of z is non-normal, producing `z;N/N addi-
tional conjugacy classes of subgroups, which do not contain N. Finally, by
taking any 1 6= x ∈ G \ z;N we get one more non-normal subgroup x
that is not conjugate to any of the above (or there is a normal subgroup of
order p). Thus νG ≥ νG/N + `z;N/N + `N − 1 + 1 and
`G = `G/z;N + `z;N/N + `N
≤ νG/N + 1+ `z;N/N + `N ≤ νG + 1:
Thus we may assume that N has prime order p: Let C = CGN so
that G/C is isomorphic to a subgroup of the cyclic group of order dividing
p − 1: By hypothesis there exists a prime power element z ∈ G such that
z;G ≤ N and `G/z;N ≤ νG/N + 1: If z is a p-element then z ∈ C
since C contains all the Sylow p-subgroups of G: Hence zp ∈ ZG = 1
and so zp = 1: If z = N then we have the result, otherwise z6 G: If
x ∈ G \ C; then x6 G so that νG ≥ νG/N + 2 and
`G = `G/z;N + 2 ≤ νG/N + 3 ≤ νG + 1:
So we may assume that z is a q-element for some prime q 6= p: Again
z /∈ C otherwise it would be a central element and ZG = 1: Conclude that
z ∩ C = 1; and every non-trivial subgroup of z represents a different
conjugacy class of non-normal subgroups of G and none of these subgroups
contain N: If z;C 6= G; then take an element x ∈ G \ z;C of order
coprime to p: This is possible since G/C divides p − 1: Then x6 G
and is not conjugate to any subgroup the lies in z;C nor does it contain
the subgroup N: Thus νG ≥ νG/N + `z + 1; and
`G= `G/z;N+ `z+ 1≤ νG/N+ 1+ `z+ 1≤ νG+ 1;
and we are done. Hence assume that z;C = G:
If there is some subgroup y of C that does not contain N; and is
not normal in G; then νG ≥ νG/N + `z + 1; and the result would
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follow. Thus every non-normal subgroup of G lying in C contains N and by
Blackburn’s Theorem, C = Di S where S is a Sylow p-subgroup of C; D
is a p′-subgroup, and every subgroup of D is normal in C: Observe that Cp
centralizes z since y; z ∈ N for every y ∈ C so that yp; z = y; zp = 1:
In particular Cp ∩N = 1 since ZG = 1: Hence y ∩N = 1 for every p-
element y and every subgroup of S is normal in G and so, since p 6= 2; S is
abelian. Observe that D;S = 1 so that ZD ≤ ZG and hence ZD = 1
and since D is a Dedekind group, it follows that D = 1 and G = Si z:
Take y ∈ S \N: Then y; z ∈ y ∩N = 1 so that ZG 6= 1 unless S = N:
Thus G = N i z; no non-trivial subgroup of z is normal, and νG ≥
`z and hence `G = `z + 1 ≤ νG + 1; as required.
4. FURTHER PROPERTIES OF FINITE GROUPS
WITH νG BOUNDED
Having bounded `G/z by a function of νG we now investigate
bounding `G with a function of νG: To this end we note the following.
Lemma 4. Let G be a finite p-group with νG = ν > 0: If `G > 2ν+ 1
then there exists an element z in the centre ZG of G; such that G/z is
abelian and `G/z ≤ ν + 1:
Proof. Let G be a counter example of least prime length `G > 2ν+ 1:
By Theorem 1 there exists an element z ∈ ZG such that `G/z ≤ ν +
1: If G′ 6≤ z; then let w = zpr−1 where pr is the order of z: Observe that
r > 1; otherwise `G = `G/z + 1 ≤ ν + 2 ≤ 2ν + 1 as required. Now
consider the group G/w: If νG/w = 0 then since G′ 6≤ w; p = 2;
and G′; w/w = 2 and ZG/w is of exponent 2. Thus z = 4 and
`G = `G/z + 2 ≤ ν + 3 ≤ 2ν + 1: (Note that the only p-groups G
with νG = 1 are a; by apn−1 = bp = 1; ab = apn−2+1 where n ≥ 4 in the
case p = 2: These groups do not have a central quotient that is non-abelian
as the centre is cyclic and G′ is of order p: See [Br] or [PR] for details.)
If νG/w = νG; then G is one of three types as described in Case
1 of the proof of Lemma 1. In all these cases, `G ≤ 2νG + 1:
We may thus assume that 0 < νG/w < νG: By the induction
hypothesis, there exists an element y ∈ G such that y;G ≤ w; yp ∈
ZG; `G/y;w ≤ νG/w + 1 and G′ ≤ w; y: If y ∩ w = 1;
then y ∩ z = 1 and since `G/z ≤ ν + 1 it follows that `y ≤ ν:
Thus
`G = `G/y;w + `y + 1
≤ νG/w + ν + 2 ≤ ν − 1 + ν + 2 = 2ν + 1
and we are done.
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Hence assume w ∈ y: Then G′ ≤ y; `G/y ≤ ν and `G/yp ≤
ν + 1: Recall, yp ∈ ZG and so if G′ ≤ yp; then we are done.
If G′ = y then observe that the exponent of G′ is at most pν+1 since
`G/ZG ≤ ν + 1: As G′ is cyclic, `G′ ≤ ν + 1y so G′ = y implies
`y ≤ ν + 1 and hence
`G = `G/y + `y ≤ ν + ν + 1 = 2ν + 1:
This completes the proof.
Next we extend this result to all finite nilpotent groups.
Lemma 5. Let G be a finite nilpotent group with νG = ν > 0: If `G >
2ν+ 1 then for some prime p;G = A×B whereA is a Dedekind p′-subgroup,
B is a p-subgroup and there is an element z ∈ ZB such that B′ is a subgroup
of z; and `G/z ≤ νG + 1:
Proof. If G is a p-group then the result follows from Lemma 4, so
assume G = Q Sq (Sq a Sylow-q subgroup of G) is the direct product of
at least two non-trivial Sylow subgroups. Recall that a p-group of order pn
has normal subgroups of sizes pk for each integer 0 ≤ k ≤ n: Thus, if µSq
is the number of normal subgroups of Sq; then µSq ≥ `Sq + 1:
Suppose that G has at least two non-Dedekind Sylow subgroups, Sp1 and









νG ≥ νSp1 + νSp2 +
X
`Sq;
where the sum runs over all primes q dividing G: In this case, `G <
νG < 2νG + 1:
Next assume that G = A×B; where A is a Dedekind p′-subgroup and B
is a p-subgroup with νB > 0: If `B ≤ 2νB + 1 then using the relation
νG ≥ νBQp6=q`Sq + 1;
`G =X `Sq ≤ X
q 6=p
`Sq + 2νB + 1 ≤ 2νG + 1;
as required.
Finally, if `B > 2νB + 1 then by Lemma 4 above and by Proposition
2.6 of [PR], G = A × B where A is a Dedekind p′-subgroup, B is a p-
subgroup, and and there is an element z ∈ ZB such that B′ is a subgroup
of z; and `G/z ≤ νG + 1:
Next we extend this result to all finite groups.
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Lemma 6. Let G be a finite group with νG = ν > 0: If `G > 3ν + 1
then for some prime p;G = AiB where A is a Dedekind p′-subgroup, B is
a p-subgroup and B′ is a cyclic subgroup in ZG:
Proof. Let z be chosen as in the hypothesis of Theorem 1. Put C =
z: By Lemma 5 we may assume that G is not nilpotent so that G/C
is not Dedekind. Then there is some element x ∈ G \ C of prime power
order such that x;Y 6 G for every subgroup Y ≤ C: If xY1 6= xY2
when Y1 6= Y2 then there are at least `C + 1 conjugacy classes of these
subgroups and by Theorem 1,
`G = `G/C + `C ≤ ν + 1+ `C ≤ 2ν:
In particular, if the order of x is coprime to p; then this would be the case.
So we may assume that G = AiB where A is a Dedekind p′-subgroup (in
fact, all subgroups of A are normal in G), and B is a p-group containing
C; B6 G:
Note that if νB = 0 then either B is abelian and the result holds or
B ∼= Q8 × E; where E is an elementary abelian 2-group. If B is abelian
then the lemma obviously holds, otherwise
`G = `G/C + `C ≤ ν + 1+ 1 < 3ν + 1:
Observe that if H;K are subgroups of B then H is conjugate to K in
G only if H is conjugate to K in B: Indeed, if a ∈ A and b ∈ B so that
Hab = K then ha ∈ B for each h ∈ H and since aC G and B ∩A = 1;
h; a = 1, and Hb = K:
Thus 0 < νB < νG (B6 G and by Lemma 4, either `B ≤ 2ν + 1
(and since B 6= C then `G ≤ 3ν + 1 by Theorem 1) or there exists an
element z ∈ ZB such that B′ ≤ z; and `B/z ≤ νB + 1: Let U be
the centralizer of A in B: Since for all a ∈ A; aC G; B′;A = 1 and so
B′ ≤ U: Hence B′ ≤ ZG:
We continue with the analysis started in Lemma 6, using the same nota-
tion. Assume that `G > 3νG + 1; νB 6= 0 and that G is not nilpotent.
Note that B′ ≤ C as `C > 2ν; `zC/z ≤ `B/z ≤ νB + 1 ≤ ν,
and `B′ ≤ ν ≤ `z ∩ C: Observe that B/U is cyclic; if not then for
some x; y ∈ B \U; x; y; B′/B′ = xB′/B′ × yB′/B′: But B′ ≤ z so that
x ∩ z ≤ B′ or y ∩ z ≤ B′: Say the former holds. Then x;D6 G
for every subgroup D of B since such a subgroup is not normalized by A:
Hence νG ≥ `B/xz + `z/x ∩ z and so `B ≤ 2νG and
`G ≤ 3νG + 1: Thus B = Ut for some t ∈ B:
If νB = 0 yet `G > 3ν + 1 then B is abelian. If t is an element of
maximal order in B then B = t × S for some S ≤ B: Now C ∩ t 6= 1
since `t/t ∩ C ≤ ν + 1 and `t ≥ `C > 2ν: Thus S ∩ C = 1: Now
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if s ∈ S \ CBA then s6 G and sD6 G for each 1 ≤ D ≤ C which
means that νG > `C; a contradiction. Thus even if νB = 0 we can
still say that B = tU where U = CBA:
Another observation we make here is the following. If H ≤ G and A does
not normalize H; then H ≥ B′y otherwise `G ≤ 3νG + 1: In particular,
if H ≤ B and H6 HA; then HC B: These results comprise the second
theorem stated in the Introduction.
Proof of Theorem 2. The proof follows from Lemma 5 and the com-
ments above.
A natural question is whether there is a converse to Theorem 2, where
we bounded `G above with a function of νG except for groups with a
specified structure. We can always bound νG trivially by a function of G
(indeed, the total number of subgroups of G is bounded by 2G: In the
case when G is nilpotent and `G > 2νG + 1 we can obtain the following
upper bound for νG in terms of `G/z and the prime divisors of G;
where z is a central element of G of prime power order of the type
mentioned in Lemma 5.
Lemma 7. Let G be a finite nilpotent group with νG = ν > 0 and
`G > 2ν + 1: Suppose that G = A × B where A is a Dedekind p′-group
and B is a p-group and C is a cyclic subgroup of ZB such that B′ ≤ C and
`G/C ≤ νG + 1: Then
νG ≤ µA X
C<J<B
J/C/p− 1;
where µA is the number of subgroups of A:
Proof. By [PR, Proposition 2.6], νG = µAνB: So assume that A =
1 and G = B is a finite p-group. Note that if H ≤ B; then H is normal in B
if and only if HC;B ⊆ H ∩C: Thus the number of non-normal subgroups
of B is precisely
P
J;D nJ;D where the sum ranges over all pairs of subgroups
C < J < B and D ≤ C such that J ′ ≤ D but J; B 6⊂ D and nJ;D is the
number of subgroups H such that HC = J and H ∩ C = D:
For a fixed J; C < J < B and the number of possible D is `J; B/J ′:
For each fixed D; the number of subgroups H of B such that HC = J and
H ∩ C = D is zero or equal to the number of homomorphisms of J/C into
C: This number is J/C: Thus the total number of non-normal subgroups
of B is at most X
C<J<B
J/C`J; B/J ′:
If H6 G then expB/NBH ≥ expH;B/H ∩ C so that H has at
least expH;B/H ∩ C conjugates. Thus the number of conjugacy classes
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Note that, since µA is a function of the prime divisors of A; it is
generally not sufficient to know `G/C to bound νG; we need to know
all the prime divisors of G as well.
5. RESULTS FOR INFINITE GROUPS
First we consider groups with a finite number of non-normal subgroups
and prove Theorem 3.
Proof of Theorem 3. Hekster and Lenstra [HL, Theorem 2] showed that
a non-Dedekind, infinite group G with only a finite number of non-normal
subgroups has the form G = A × B where A is a finite Dedekind p′-
group and there is a central, Pru¨fer p-subgroup C of B such that B/C is
a finite abelian p-group. Let G = Sni=1 xiC; where n = G/C: Let X =Sn
i=1xi ∪ S x S6 G: Note that X is a finite set since, by Lemma 9
of [HL], all non-normal subgroups of G are finite. Also, note that G is
a torsion FC group and hence is locally finite. Let c0 be an element of
C of order larger than X: Then G0 = X; c0 is a finite group and
C0 = c0 is a cyclic, central subgroup of C; of maximal order. Furthermore,
G x C = G0 x C0 as it is readily seen that x1; x2; : : : ; xn form a set of
coset representatives for C0 in G0: Thus by Lemma 1, `G/C ≤ νG0 + 1:
But νG = νG0 since all the non-normal subgroups of G lie in G0 and
the conjugacy classes are preserved. Thus, `G/C ≤ νG + 1:
By expanding on the argument used in Theorem 3 it is possible to show
that any infinite groupG with only a finite number of non-normal subgroups
contains a finite subgroup with many of the same invariants such as νG;
G x ZG; and G′: We could use this to establish a result similar to
Lemma 3, for example.
Lemma 8. Let G be a infinite group with only a finite number of non-
normal subgroups and let νG = ν > 0: Then
νG ≤ µA X
C<J<B
J/C/p− 1;
where G = A × B; A is a Dedekind p′-group, B is a p-group, and C is a
Pru¨fer p-group in the centre ZG of G and µA is the number of subgroups
of A:
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non-normal subgroups. An argument similar to the one used in Lemma 7
shows that each non-normal subgroup H of G has at least H;B/H ∩ C
conjugates in B and the result follows.
Finally we shall consider a group G such that 0 < νG < ∞ yet G
possesses an infinite number of non-normal subgroups. In a similar vein A.
Z. Izosov and I. F. Sesekin considered all groups with only a finite number
of infinite classes of conjugate subgroups, (see [IS]). Among other things
they described the structure of such groups with FC-centre of finite index.
We shall denote the FC-centre of any group G by FCG: We shall see
that, in a group G with 0 < νG < ∞ and an infinite number of non-
normal subgroups that FCG is finite and G has a subgroup R such that
`G/R is bounded and such that ZR has either bounded prime length
or has a special structure and R contains factors with properties similar to
monsters constructed by Ivanov [I, Theorem 2]. Indeed, Brandl et al. [BDF]
have shown that if G is of the above type and νG = 1 then G/ZG is
an infinite, simple group of exponent p; generated by 2 elements.
We shall establish properties of a group G with 0 < νG < ∞ and an
infinite number of non-normal subgroups. First we show that any group with
only a finite number of conjugacy classes of non-normal subgroups must be
periodic. The proof below is similiar to that of Lemma 1 in Howard Smith’s
paper [S]. However, the conditions in our hypothesis are slightly weaker and
so is the conclusion.
Lemma 9. Let G be a group such that 0 < νG <∞: Then G is periodic.
Proof. Suppose x ∈ G has infinite order. First assume that x6 G:
Since n;m = 1 implies that xn and xm together generate x; then for all
but at most one prime, xpj6 G: In fact, there will be an infinite number
of positive integers n such that xn is a non-normal subgroup of G: By
replacing x with some power of x if necessary, we may assume that there
is an infinite set of primes pj so that x is conjugate to xpj
ij  for some
positive integer ij:
Suppose that xpjij g = x±1; g ∈ G: Then
x < xg < xg2 < · · · ;
so that Kpj = xg




j ; Kpj is pj-divisible and Kpj/x ∼= Cpj where Cpj is a
Pru¨fer pj-subgroup. Also, since there exists a prime pk 6= pj; a positive
58 la haye and rhemtulla
integer ik and an element h in G so that xp
ik
k h = x±1; then xh has order
p
ik
k modx and hence xh /∈ Kpj 6 G: Clearly Kpj 6∼= Kpk unless pj = pk so
that we have produced an infinite number of conjugacy classes of non-
normal subgroups.
Thus we may assume that all infinite cyclic subgroups of G are normal.
Suppose that x ≤ ZG: If t6 G then by the argument above t <∞:
Also t; xm6 G and t; xm is not conjugate to t; xn if n 6= m; again
contradicting the finiteness of νG:
So, if x ∈ G has infinite order, it must generate a normal subgroup that
does not intersect the centre ofG and G x CGx = 2: Suppose thatG =
CGxh: Then xh = x−1; x ∩ h = 1, and for m > 2; h; xm6 G as
x2 /∈ h; xm: Also, if n;m = 1 then h; xn is not conjugate to h; xm
and we again have a contradiction. Thus G is periodic as required.
The following series of lemmas reveal properties of groups with an infi-
nite number of non-normal subgroups partitioned into only a finite number
of conjugacy classes.
Lemma 10. Let G be a group with νG <∞ such that G has an infinite
number of non-normal subgroups. Then G x FCG is infinite and the FC-
centre is finite so that G/FCG has no non-trivial finite normal subgroups.
Proof. Let G2 = CGFCG: By Theorem 2, Corollary to Proposi-
tion 1 and Corollary 3 to Theorem 1 in [IS] it is sufficient to show G2 x
FCG2 = ∞:
By Corollary 1 to Theorem 1 of [IS], G2 6= FCG2: Moreover, if x ∈
G2 \ FCG2 then G2 x NG2x = ∞ so G2 x ZG2 = G2 x FCG2
is infinite, as required.
Lemma 11. Let G be a group with νG <∞ such that G has an infinite
number of non-normal subgroups. Then s ≤ νG for any strictly increasing
chain of subgroups
1 = H0 < H1 < · · · < Hs < Hs+1 = G
with Hi 6≤ FCG if HiC G: Hence every subgroup of G/FCG is finitely
generated by at most νG + 1 elements.
Proof. First note that for i 6= j; Hi is not conjugate to Hj: Indeed, if
H
g






i < · · · :
This produces a contradiction since g <∞:
We now produce non-normal subgroups K1;K2; : : : ;Ks no two of which
are conjugate. If Hi6 G then put Ki = Hi: If HiC G then pick xi ∈ Hi+1 \
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Hi ∪ FCG and let Ki = xi: Note that Ki is not conjugate to any of
the Kj; j < i: There are four cases to consider, depending on whether or
not Hi;Hj are normal. If HiC G and Hj 6 G then Ki and Kj are not
conjugate since Kj
G ≤ Hi and xi /∈ Hi: The other cases are as easily dealt
with. Thus s ≤ νG; as required and the rest follows by the above and
Lemmas 9 and 10.
Lemma 12. Let G be a group with νG < ∞ and such that G has an
infinite number of non-normal subgroups. Then the finite residual, R of G;
R = ∩H ≤ G x G x H <∞
has finite index in G; R = R′, and `G/R ≤ νG + 1:
Proof. By Lemmas 10 and 11, G has the minimal condition on sub-
groups. Thus, G x R is finite. Note that R/R′ is finitely generated, abelian,
and torsion by Lemmas 11 and 9 and so R = R′:
Lastly consider G/R: Let G/R = pn11 pn22 : : : pnkk ; with the pi’s distinct
and the ni’s positive integers. Let Hij be a subgroup of G/R of size pij; 0 ≤
j ≤ ni; such that
R = Hi0 < Hi1 < · · · < Hini
for each prime pi: We shall use these subgroups to produce non-conjugate
non-normal subgroups. If Hij 6 G; then it is not conjugate to any other Hlk
unless j = k and i = l: If Hij C G; then choose x ∈ Hij \ Hij−1 ∪ FCG:
Then x6 G and x will not be conjugate to any other chosen subgroup.
Thus `G/R ≤ νG + 1:
Note that Lemma 12 implies that for any group G such that 0 <
νG<∞;
`G/CGFCG ≤ νG + 1:
The fact that G x CGFCG is finite is not sufficient to describe the
groups with a finite number of conjugacy classes of non-normal subgroups,
however, since as Izosov and Sesekin noted, all groups with only a fi-
nite number of infinite conjugacy classes of non-normal subgroups have
CGFCG of finite index.
Lemma 13. Let G be a group with νG < ∞ and such that G has an
infinite number of non-normal subgroups. Then
(i) Every finite, subnormal subgroup of G lies in FCG:
(ii) G has only a finite number of normal subgroups and the number
of normal subgroups of G/FCG is bounded above by a function of νG:
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(iii) Every subnormal subgroup of G contained in the finite residual
R is normal in R and the number of subnormal subgroups of G lying in
R/R ∩ FCG is bounded above by a function of νG:
Proof. By Lemmas 10 and 11, G has the minimal condition on subnor-
mal subgroups. By Theorem 13.3.8 of [R], the Wielandt subgroup of G;
which is the intersection of the normalizers of all the subnormal subgroups
of G; has finite index in G: Thus any subnormal subgroup of G has only a
finite number of conjugates. It follows that if H ≤ G is a finite subnormal
subgroup of G then H ≤ FCG: It is also clear that the finite residual R
normalizes every subnormal subgroup and so every subnormal subgroup of
G lying in R is actually normal in R:
Next consider Mλ x λ ∈ 3; the set of all minimal normal subgroups
of G/FCG: The subgroups are simple and non-abelian. For µ 6= τ;
Mµ;Mτ = 1: Also Mµ ∩ Mλ x λ ∈ 3 = 1 since Mµ centralizes this
centreless group. Thus we can construct the strictly increasing chain of
subgroups
FCG/FCG < M1 < M1 ×M2 < · · · :
By Lemma 11 there are at most νG minimal normal subgroups in
G/FCG: Repeat this argument on each of these minimal normal sub-
groups Mi of G/FCG to conclude G/Mi has at most νG/Mi minimal
normal subgroups. Repeat, and by Lemma 11, in at most νG repetitions
all normal subgroups of G/FCG will have been accounted for. Thus
we may conclude that the number of normal subgroups of G/FCG is
bounded above by
νG + νGνG − 1 + · · · + νG! ≤ νGνG!:
Since FCG is finite by Lemma 10, G has only a finite number of normal
subgroups. The proof that the number of subnormal subgroups of G lying
between R ∩ FCG = ZR and R is bounded by νG is similar. One
need only keep in mind that any strictly increasing chain of subgroups in
R/R ∩ FCG is still bounded above by a function of νG:
Corollary 14. The class of groups with only a finite number of conjugacy
classes of subgroups consists of the finite groups together with all groups G such
that νG <∞ and G has an infinite number of non-normal subgroups.
Proof. This follows immediately from Lemma 13 above and Theorem 2
of [HL].
Lemma 15. Let G be a group with νG <∞ such that G has an infinite
number of non-normal subgroups. Then
(i) For all x ∈ G \ FCG; `xFCG/FCG ≤ νG:
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(ii) For all x ∈ CGFCG \ FCG; `xFCG/x < νG:
(iii) The number of primes involved in G/FCG ≤ νG:
Proof. If x ∈ G \ FCG then x6 G: Let `xFCG/FCG =
n: This determines n distinct conjugacy classes of non-normal subgroups.
Hence `xFCG/FCG is bounded above by νG:
If x ∈ CGFCG \ FCG then x generates a non-normal subgroup and
for each x ∩ FCG ≤ M ≤ FCG; xM is a non-normal subgroup as
well. This produces at least `FCG/x ∩ FCG + 1 distinct conjugacy
classes of non-normal subgroups and so `xFCG/x is bounded above
by νG:
Finally for each prime p occurring as the exponent of some element of
G/FCG we can find an element xp ∈ G \ FCG such that xp6 G and
the order of xpFCG is p: This will produce one distinct conjugacy class of
non-normal subgroups for each prime involved in the order of G/FCG;
as required.
Lemma 16. Let G be a group with νG < ∞ and such that G has an
infinite number of non-normal subgroups. Suppose that R is the finite residual




Then J ≤ ZR and
(i) If 1 6= J then for some fixed prime p; J is a cyclic p-group, R/ZR
is also a p-group.
(ii) `ZR/J is bounded above by a function of νG:
Proof. Note that since R ⊆ CGg for each g ∈ FCG;
R ∩ FCG = FCR = ZR:
Let J be as defined above. Clearly J is a finite, cyclic normal subgroup of
R and hence lies in ZR: Suppose that J 6= 1: If J does not have prime
power order then for each x ∈ R \ ZR; x does not have prime power
order and so it is possible to generate x from its prime order subgroups
which must lie in ZR: This contradicts the fact that x ∈ R \ ZR:
So assume J = pa for some prime p: If x ∈ G \ ZR such that x does
not have p power order then there is a positive integer b so that 1 6= xpb
is of p′-power order and since J 6≤ xpb; xpb ≤ ZR; as required. The
rest of (i) now follows.
Let x ∈ R \ZR: Note that `FCG/x ∩ FCG < νG by Lemma
15. Thus `ZR/x ∩ ZR < νG: If\
g∈G
xg ∩ ZR < K ≤ x ∩ ZR
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Finally, since there are at most νG conjugacy classes of cyclic, non-normal




then `ZR/J ≤ 2νGνG; as required.
Proof of Theorem 4. See Lemmas 9 through 16.
Theorem 4 is not entirely satisfying. We have managed to break up a
group G of the specified type into sections: A finite section at the top of
bounded length, a finite section at the bottom of bounded length or specific
structure and an infinite section in the middle with only a bounded number
of normal subgroups and all normal subgroups infinite. However, since this
middle section need not be simple it would be nice to say more about the
chief factors. We do not know at this time if it is possible for a chief factor
of R/ZR to have an infinite number of conjugacy classes of non-normal
subgroups. By applying Theorem 2 of [I] one can easily see that there
exists finitely generated, simple groups with any number m of conjugacy
classes of subgroups. Simply let Gi ∼= Cpi; pi primes i = 1; : : : ;m and
A = ∪Gi \ 1 ∪ 1 in the statement of that theorem. See also Ivanov
and Ol’shanskii’s paper [IO] for more discussion of such monsters.
REFERENCES
[B] N. Blackburn, Finite groups in which the nonnormal subgroups have nontrivial inter-
section, J. Algebra 3 (1966), 30–37.
[Br] R. Brandl, Groups with few non-normal subgroups, Comm. Algebra 23 (1995), 2091–
2098.
[BDF] R. Brandl, F. De Giovanni, and S. Franciosi, Groups with finitely many conjugacy
classes of non-normal subgroups, Proc. Roy. Irish Acad. Sect. A 95 (1995), 17–27.
[HL] N. S. Hekster and H. W. Lenstra, Jr., Groups with finitely many non-normal sub-
groups, Arch. Math. (Basel) 54 (1990), 225–231.
[I] S. V. Ivanov, On some finiteness conditions in semigroup and group theory, Semigroup
Forum 48 (1994), 28–36.
bounded number of conjugacy classes 63
[IO] S. V. Ivanov and A. Yu. Ol’shanskii, Some applications of graded diagrams in combi-
natorial group theory, London Math. Soc. Lecture Notes Ser. 160 (1991), 258–308.
[IS] A. V. Izosov and I. F. Sesekin, Groups with a finite number of infinite classes of
conjugate subgroups, Ukrainian Math. J. 40 (1988), 263–267.
[L] R. La Haye, Groups with a finite number of conjugacy classes of non-normal sub-
groups, Comm. Algebra 25 (1997), 3803–3821.
[N] B. H. Neumann, Groups with finite classes of conjugate subgroups, Math. Z. 63 (1955),
76–96.
[PR] J. Poland and A. Rhemtulla, The number of conjugacy classes of non-normal sub-
groups in nilpotent groups, Comm. Algebra 24 (1996), 3237–3245.
[R] D. J. S. Robinson, “A Course in the Theory of Groups,” Springer Verlag, New York,
1982.
[S] H. Smith, Groups with finitely many conjugacy classes of subgroups with large sub-
normal defect, Glasgow Math. J. 37 (1995), 69–71.
[Su] M. Suzuki, “Group Theory, II”, Springer-Verlag, New York, 1986.
